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QQ , Abstract 

OO ' This paper concerns a linear first-order hyperbolic system in one space dimension 

^ ■ of the type 

OO 
O 

dtUj + aj{x, t)dxUj + bjk{x, t)uk = fj{x, t), 1 < j < n, 

k=l 

with periodicity conditions in time and reflection boundary conditions in space. We 
^ , state conditions on the coefficients aj and bjk and the reflection coefficients such that 

^ I the system is Fredholm solvable in the space of continuous functions. In particular, 

these conditions exclude the small denominators effect. 

Our results cover non-strictly hyperbolic systems, but they are new even in the 
case of strict hyperbolicity. 

Key words: first-order hyperbolic systems, periodic-Dirichlet problems, small denom- 
inators, Fredholm solvability. 
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1 Problem and main results 

This paper concerns continuous solutions to general linear first-order hyperbolic systems 
in one space dimension of the type 

n 

dtUj + aj{x, t)dxUj + ^ hjk{x, t)uk = fjix, t), I < j < n, (x, t) e (0, 1) x M (1) 

k=l 
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with time-periodicity conditions 

Uj{x, t + 27r) = Uj{x, t), 1 < j < n, X e [0, 1] (2) 
and reflection boundary conditions 



«.(o, t)= Yl ^jkM^, t), i<j <m,tei 

fc=m+l 

m 

= m + 1 < j < n, t e 

k=l 



(3) 



Here the dimensions < m < n and the reflection coeflicients r^j^. Vjf. G M are flxed. 
The right-hand sides fj as weU as the coefficient functions aj and bjk arc supposed to be 
continuous and 27r-periodic with respect to t. We assume that 

aj{x,t) 7^ for all l<j<n and {x,t) e [0, 1] x M. (4) 

Roughly speaking, we will prove a result of the following type: We will state conditions 
on the data aj, bjk, and rjk such that the system (l)-(3) is Fredholm solvable, i.e. 

• either the system (l)-(3) with / = has a nontrivial solution (then the vector space 
of all solutions has flnite positive dimension) 

• or the system (l)-(3) has a unique solution for any right hand side /. 
Here and in what follows by 

a = diag(ai, . . . , a„), / = (/i, . . . , /„), u = {ui, . . .,Un), and b = [bjk\lk=i 

we denote the diagonal matrix of the coefficient functions Oj, the vectors of the right hand 
sides f j and the solutions uj. and the matrix of the coefficient functions bjk, respectively. 

In order to formulate our results more precisely, let us introduce some function spaces: 
By C(M) we denote the space of all continuous functions 99 : [0, 1] x R — >■ R such that 
(p{x, t + 27r) = (p{x, t) for all x e [0, 1] and i e R, with the norm 

||(yi3||c(R) = max max \ip{x,t)\. 

Further, by C(R") and C(M„) we denote the vector spaces of all maps u — (iti, . . . , Un) ■ 

[0, 1] X R R'^ and 6 = [bjk]lk=i : [0, 1] x R M„ (M„ is the vector space of ah n x n 
matrices) such that Uj e C(R) for all 1 < j < n and bjk € C(R) for all 1 < j, k < n, with 
the norms 

||m||c(R") = max ||mj||c(r) and ||6||c(m„) = max ||6jfc||c(R), 

respectively. Finally, we denote by C^(R") and C^{Wln) the vector spaces of all u G C(R") 
and all b G C(M„) such that the partial derivatives dfU and dtb exist and are continuous, 
with the norms, respectively, 

||«||ci(iR") = lkllc(R") + ||^t'«||c(M") and ||&||ci(m„) = ||^||c(m„) + ||5t&||c(M„)- 



Further, let us introduce the characteristics of the hyperbohc system (1). For given 
1 < J < ^, {x,t) G [0, 1] X R, and a G C^(M") with (4), they are defined as the solutions 
^ e [0, 1] 1-^ uij{^;x, t) e M of the initial value problems 

d,u,i^-x,t) = ^^^^^^'^^.^^t^y c.Ax;x,t)=t. (5) 

Moreover, we denote 

Cj{^;x,t) 



dj{^;x,t) 



m+l<j<nl<k<mxe[Q,l]te[Q,2n]^Jx \ (^j 



+ 



Ii (^) ^^''^'^^^'■^''^^■^■^'^'^^)^^^}• 



Straightforward calculations show that a C"^-map u : [0, 1] x M — is a sohition to 
the periodic-Dirichlet problem (l)-(3) if and only if it is 27r-periodic with respect to t and 
satisfies the following system of integral equations 

n 

Uj{x,t) = Cj{0;x,t) r°,.Uk{0,ujj{0;x,t)) 

k=m+l 

nx 

- I dj{C;x,t)y2bjk{^,Uj{i;x,t))uk{^,Uj{i;x,t))d^ 

+ [ dj{C;x,t)fj{C,^j{C;x,t))dC, l<j<m, (6) 

^0 



Uj 



(x,t) = Cj(l;x,t)^r]kUk(l,uJj{l;x,t)) 

k=l 

+ / dj{^;x,t)^bjk{^,Uj{^;x,t))uk{^,ujj{^;x,t))d^ 
- dj{^;x,t)fj{^,ujj{^;x,t))d^, m+l<j<n. 

J X 



(7) 



This motivates the following definition: 



Definition 1.1 A function u G C(R") is called a continuous solution to (l)-(3) if it 
satisfies (6) and (7). 

The vector space of all continuous solutions to the homogeneous problem (l)-(3) (i.e. 
(l)-(3) with fj = for all 1 < j < n) will be denoted by /C. 
Our first result concerns the Fredholm solvability of (l)-(3). 
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Theorem 1.2 Let a,b & C^{M.n) satisfy (4) and the following conditions: 

n ni 

R{a, b) max |exp ||29taj/a2 H^^^^^ } l^i^^'l < 1' 

~ j,l=m+l k=l 

for all j ^ k the set {{x, t) G [0, 1] x [0, 2ti\ : Ofe — aj — 0} , 
consists of a finite number of connected components, 

and 

for all j ^ k there exists pjk € ^"^([0, 1] x M) with bj^a^ = Pjk{o,k ~ (10) 

Then the following is true: 
(i) dim/C < oo. 

(a) Either dim K, > or for any f G C(M") there exists exactly one continuous solution 
to (l)-(3). 

(Hi) Ifbjk — for all 1 < j ^ k < n, then dim/C = 0. 

In order to characterize more explicitely the set of all right hand sides / such that 
(l)-(3) has a continuous solution, we consider the following formally adjoint system to 
the homogeneous variant of (l)-(3): 



—dtUj — dx {aj{x, t)uj) + bkj{x, t)uk = 0, 1 < j < n, x G (0, 1), t G K, (11) 

fc=i 

Uj{x, t + 27r) = Uj{x, t), 1 < j < n, a; G [0, 1], t G M, (12) 
0^(0, t)uj{Q, t) = - ^ r^jafe(0, t)uk{Q, t), m + l<j<n, t eR, 



k=l 
n 



(13) 



aj(l,t)uj(l,t) ^ - ^ rljak{l,t)uk(l,t), 1 <j <m, t e 

k=m+l 

Further, we write 



27r 1 

1 



(/,m)l2 = ^ j j (/(a^>^)>'"(a^>^)) dxdt 



for the usual scalar product in the Hilbert space ((0, 1) x (0, 27r); M"), and (•, •) for the 
Euchdean scalar product in IR'*. Moreover, the vector space of all continuous solutions to 
the problem (11)-(13) will be denoted by /C. 

We are now prepared to formulate our second result. 

Theorem 1.3 Let a G ([0, 1] x [0,27r];M„), b G C^(M„) be given such that (4) and 
(8)-(10) are fulfilled. Suppose also that 

R{a,dxa - b)max jexp ||2(9taj/a^||^^j^^| (14) 



n m 



x max 

j,l=m+l k=l 



^ ) {l,Uj{l-x,t)) [^] (0,a;fc(0;l,a;,(l;x,t))) 



Then the following is true: 
(i) dim JC = dim K. 

(a) Given f G C(M"), there exists a continuous solution to (l)-(3) if and only if 
if, u)i,2 = for all u G IC. 

Remark 1.4 Assumption (10) is not necessciry, but cannot be avoided in gen- 
eral: Since the set of Fredholm operators is open, the conclusion of Theorem 1.2 survives 
under small (in C^(M)) perturbations of the coefficients bj^. Hence the condition (10) is 
not necessary for the conclusions of Theorems 1.2 and 1.3. Prom the other side, the con- 
dition (10) can not be avoided in general. Indeed, the following example shows that, in 
the case of multiple characteristics, we lose the Predhomness property if the lower-order 
terms coefficients are large enough. Specifically, we consider a particular case of (l)-(3): 

dfUi + dxUi = dtU2 + dxU2 + hui = 0, 
Ui{x,t -\-2t:) — ui{x,t) — U2{x,t -\-2t:) — U2{x,t) — 0, 
ui{Q,t)-rl^U2M^U2{l,t)-rl^ui{l,t) = 0, 

where 6 is a constant. If rjgrgi < 1 (no small denominators occur) and 6 7^ 0, then all 
assumptions of Theorems 1.2 and 1.3 are fulfilled with the exception of (10). If, moreover. 



r 



(covering large enough |6|), then 



h ( ^7^— j x] sinUt - x), I e N, 



Ui{x,t) = sin l{t — x), U2{x,t) 

are infinitely many linearly independent solutions. Hence, the Predholmness is destroyed. 
The present paper has been motivated mainly by two reasons: 

Prom the the theoretical point of view, we are interested in developing a bifurcation 
theory for hyperbohc PDEs. The basic idea is to apply techniques based on the Implicit 

Function Theorem in Banach spaces and the Lyapunov-Schmidt reduction (see, e.g., [1, 
8]). Note that the Fredholm solvability of the linearization is the key point here. 

From the practical point of view, some problems of mathematical biology [4, 5, 6, 15], 
kinetic gas dynamics [2, 7, 17], and semiconductor laser dynamics [13, 18, 19] are covered 

by (i)-(3). 

This paper develops the ideas presented in [9, 10, 11]. 

2 Fredholm alternative (proof of Theorem 1.2) 

We start with writing the problem (6)-(7) in an operator form. Along with the notation 
(jjj{^;x,t), we will also use it's shortened version ujj{^). Moreover, we introduce vectors 

u' = {Ui, Um), u" = (Wm+l, ■ ■ ■ ,Un) 
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and linear operators Ci,Ei e C{C{Mr)), C^.E^ G >C(C(M"-"*)), (Si,S2) G >C(C(R")), 
Ri e C{C{m."),C{W)), R2 e /:{C{M."'),C(^")) by 

{Ciu'){x,t) = {ci{0;x,t)ui{x,t),. . . ,Cm{0;x,t)um{x,t)) 

(1; X, t)Um+l{x, t),..., Cn(l; t)Un{x, t)) 



(R,u") (x,t) 
{R2U') 
(Biu) {x,t) 

{B2U) {x,t) 

{Elu') {x,t) 
{E2U") {x,t) 



J2 r%Uk{0,ujj{0)) 

.k=m+l 

m 

^r)fcMfe(l,a;j(l)) 



fc=l 



j=m+l 



i=i 



j=m+l 

dj{C,x,t)uj{^,ujj{^))d^ 
dj{C,x,t)uj{^,ujj{^))d^ 



j=m+l 



In these notations the problem (6)-(7) admits the following representation: 



or, the same, 



u 
u" 



u' = CiRiu" - E1B1U + EJ', 
u" = C2R2U' + E2B2U - E2f" 



CiRiu" - EiBiu + EJ', 

C2R2C1R1U" - C2R2EiB^u + E2B2U + C2R2Eif' - E2f". 



Write 



Mu = (Ml?/', M2M") = (Ci C2R2C1R1U") , 

= (/sTiM, i^sw) = {-EiBiu, E2B2U - C2R2E1B1U) , 
F/ = {Eif,C2R2EJ'-E2n 

for the linear operators M,K,F e >C(C(R")). Then the operator equation 

u = Mu + Ku + Ff 
gives an abstract representation of the problem (6)-(7). 



(2.1) 



(2.2) 



(2.3) 
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2.1 Fredholmness criterion 

Theorem 2.1 Let W be a Banach space, I the identity in W, and K e C{W) with 
being compact. Then I + K is a Fredholm operator of index zero. 

Proof. Since 

I-K''^{I + K){I-K)^{I-K){I + K), 

the operator I — K is a, parametrix for the operator I + K e J0,{W). This imphes the 
Fredholmness of Z + X by [21, Proposition 5.7.1] or [20, Theorem 5.5]. Nevertheless, for 
the reader's convenience here we give an independent, simple, and self-contained proof of 
this fact, see also [10]. Note first that 

dimker(7 + K) < dimker(7 - K'^) < oo. (2.4) 



Similarly dimker(/ + K)* < oo, hence codimim(/ + K) < oo. It remains to show that 
im{I + K) is closed. 

Take a sequence (wj) C W and an element w eW such that 

(/ + K)wj w. (2.5) 

We have to show that w G im(/ + K). 

By (2.4) there exists a closed subspace V oiW such that 

W = ker(7 + X) ® V, (2.6) 

Consider the decomposition 

Wj — Uj + Vj, where Uj e ker(7 + K) and Vj e V. 
Prom (2.5) we infer that 

(7 + K)vj w. (2.7) 

Let us show that the sequence {vj) is bounded. Suppose this is not true. Without loss 
of generality we can assume that 

lim \\vj\\ = oo. (2.8) 

Prom (2.7) and (2.8) we get 

hence 

(7 _ ^2^) ^ Q_ (2.10) 
Since is compact, there exist v &W and a subsequence {vji^)ke^ such that 

K^j^^^v. (2.11) 



The convergences (2.11) and (2.10) immediately imply that 



V 



Jk 



^kl 



^veV. (2.12) 



Combining (2.12) with (2.9), we get (/ + K)v = 0, i.e. v eV n ker(/ + K) and \\v\\ = 1. 
This contradicts (2.6) and proves the boundedness of {vj). 

Now we show that w e im(7 + K). As K"^ is compact, there exists v E W and a 
subsequence (vj^,) such that K'^Vj^, — >■ as A; — >■ oo. By (2.7) we also have 

(/ - K^)vj = {I-K){I + K)vj ^ (/ - K)w. 

Therefore, 

lim Vji_ — {I — K)w + V 

k—^oo 

and 

w = lim (7 + K)vj^ ^{I + K) {{I - K)w + v) e im(7 + K) 

k—^oo 

as desired. The Predholm property is thereby proved. 

To prove that I + K has index zero, we additionally use a homotopy argument. Let 
us consider the continuous function 

s eR^ I + sK e C{W). 

Since G jC.{W) is a compact operator, the operators (sK)"^ G jC.{W) are compact for 
each s G M and, as we just proved, the operators I + sK arc Frcdholm. By [21, Proposition 
5.8.1], ind(7 + sK) = const for all s G M. It remains to notice that the identity operator 
7 has index zero. □ 

Our aim is to prove that I — M — K G £(C(]R")) is a Predholm operator of index zero. 
In Section 2.2 we show that I — M e >C(C(M")) is bijective. Hence the Predholmness of 
I-M-K e C{C{W)) is equivalent to the Predholmness of 7 - (7 - M)-^K G C{C{W)). 
By Theorem 2.1, we are done if we prove the compactness of ((7 - M)-^K) G /:(C(R")) 
or, the same, the compactness of 7^(7 — M)~'^K G C{C{^)). The latter is the subject of 
Section 2.3. 



2.2 Isomorphism property 

The equivalence of the systems (2.1) and (2.2) implies that the bijectivity of 7 — M G 
C{C{W)) is equivalent to the bijectivity of 7 - M2 G £ (C(M"-'")). Since 

n m 

||^2||£(c(K"-'")) = ||C2-R2C'i7?i||£(c(M"-m)) < 7?(a, 6) ^ k)fc^fc;|; 

j,l=m+l k=l 

the assumption (8) means the contractibility of M2. Now, the bijectivity of 7 — M2 and, 
hence, the bijectivity of 7 — M follows directly from the Banach fixed point theorem. 
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2.3 Fredholm property 

In this section we prove the compactness of K{I — M)~-^K e C{C{R"')). Since I — M2 & 
L (C(R"-"')) is invertible, the operator (7 - M)-^ e £(C(R")) is given by 

(/ - M)-^u = {Mi{I - M2)~^u" + u', (/ - M2)-^u") . 

This entails that 

K{I - M)-'K = (i^i, K2) (Mi(/ - M2)-^K2 + Ki, (/ - M2)-'K2) . 

Obviously, the compactness of K{I — M)~^K will follow from the compactness of the 
operators 

{M,{I - M2)-'K2 + K,, (/ - M2)-'K2) , t = 1,2, 
or from the compactness of the following four operators: 

E,Bi {M,{I - M2)-^K2, {I - M2)-'K2) , i^l,2, 

and 

E,B,{K^,{I-M2)-'K2), 1 = 1,2. 

The latter follows from the definitions of Ki and K2 and the fact that, if L e £(C(M"), C(M'")) 
is a compact operator, then the operator C2R2L G £(C(M"), C(R"^~'")) is compact as well. 
We will treat only one of the operators, say, 

E,B, {K,,{I-M2)-'K2) 

(the other three can be treated similarly). Making further simplification, we use the 
definitions of Ki and K2 again and see that it is sufficient to prove the compactness of 
the operators 

EiBi {EiBi, (/ - M2)-'E2B2) 

and 

E^B, {E^B,, (/ - M2)-'C2R2EiB,) , 
which can again be handled by a similar argument. We will show that the operator 

EiBi {EiBi, {I - M2)-^E2B2) 

is compact. We actually have to prove the precompactness of the set 

{Au : u&N), 

where 

Au = E^B^ {Eiu', {I - M2)-^E2u") 

and N C C(]R"') is an arbitrary fixed bounded set. With this aim we will use the Arzela- 
Ascoli precompactness criterion in C(M"'). As A G £(C(R")) is a bounded operator, the 
set AN is bounded in C(M"). Therefore, our task is reduced to check the equicontinuity 
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property of AN in C(R"). We are done if we show the existence of a function a : 1R+ — >■ 
with q;(p) — > as p — > for which we have 



\\{Au){x + hi,t + h2) - (AM)(a;,t)||c(R„) <a{\h\), 



(2.13) 



the estimate being uniform in u E N and {hi, G M^. Here \h\ — \hi\ + \h2\. Note that 
the equicontinuity property (2.13) is not straightforward because u under the integrals in 
the representation of (Au) {x, t) depends not only on the variables of integration, but also 
on the free variables x and t. 

Using the continuous and dense embedding 

C\[0,1] xR)^ C([0,1] X M), 

given £ > 0, for each w e we fix a sequence u'' e (^^([0, 1] x R) such that 



^uin C(M") and \\u^ - u\ 



< e. 



(2.14) 



Hence 



{Au){x,t) = \im{Au'){x,t) in C(M") and \\{Au'){x,t) - {Au){x,t)\\e(Rn^ < e\\A\\cieiR-)). 

Z— >-oo 

(2.15) 

Note that {Au^){x,t) e C^([0, 1] x R) for each I e N. We are done if we show that 
the gradient V(x,t) [(^''^')(^> ^)] bounded by a constant C > 0, uniformly m u E N, 
(x, t) e [0, 1] X [0, 27r], and I e N. Indeed, then we have the bound 



\\{Au){x + hi,t + h2) - {Au){x,t)\\c(^^„^ 

< \\{Au){x + hi,t + h2) - {Au^){x + h,t + h2 
+ \\{Au){x,t) - {Au^){x,t 

+ \h\ 



(2.16) 



/" /" V [{Au^) {(Ji{x + hi) + (1 - ai)x, a2{t + /12) + (1 - (^2)^)] daida2 
Jo Jo 

< 2£||^||£(c(Mn)) + \h\C. 

It remains to note that this estimate is true for any sufficiently small £ > 0. 

Now we prove the uniform boundedness of V[x,t) [{Au''){x, t)] . To simplify technicali- 
ties, we take into account the definition of Bi and rewrite Au in the form: 



Au = 



^ {Ei)jbjk{Ei)ku' + {Ei)jb,,{{I-M2)-'E2),u" 



k=l 



k=m+l 



3=1 



where {Q)j denotes the j-th component of the operator Q. Therefore, it is sufficient 
to show the uniform boundedness of the gradient of the integral expressions of kinds 
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{Ei)jbjk{Ei)ku' and {Ei)jhjk{{I — M2)~^E2)^u" . We will concentrate only on the last 

expression. The desired property for the former one will then easily follow from the 
estimates obtained below for the first term (g = 0) of the series (2.17). 

Since ||M2||£(c(r"-"i)) < 1, the inverse to I — M2 € C (C(M"~"^)) is representable by the 
Neumann series 

00 

q=0 

and we will be concerned with the expression 

(00 \ 00 00 

J2 MIE, u" = Y.^E,),h,, {MIE,\ u" = J2(^,)jbjk {{C,R,C,R^y E,), u" 
9=0 / ^. q=0 q=0 

(2.17) 

for arbitrarily fixed 1 < j < m and m + 1 < k < n. 

Let us outhne the proof. We will treat each term in the series (2.17) (with u — vl-) 
separately, each time following the same argument and at the same time taking care about 
the g-dependence in all subsequent estimates. Given q G No, we take into account that the 
g-th term is a finite sum of integral expressions (due to the definitions of Ri and R2) that 
can be handled similarly. Hence, to treat the q-ih. term, it suffices to derive the desired 
estimate for one arbitrarily fixed summand contributing into this term. Then, summing 
up all the estimates in g G Nq and using the contractibility condition (8), we come to the 
final estimate. It should be noted here that the continuous differentiability of the series 
(2.17) with v} in place of u follows from the termwise differentiability of (2.17) and the 
uniform convergency of the series of the derivatives (see the estimates below) . 

Note first that, given aj G C(^([0, 1] x R), the functions u}j{^;x, t) for all 1 < j < n are 
in their arguments and the respective derivatives are given by (5) and 



^^^^^^ = -a-(x,t)exp{^' {r^.uM-.t)) d,} 



(2.18) 



where dm here and in what follows denotes the derivative with respect to the m-th argu- 
ment. 

Running our argument, we start with g = 0, namely with the integral expression 

X 1 

Ao{x,t)^ j dj{^;x,t)bjk{C,u;j{0) J 4(6; ^,(0K(6, ^^^(^1; ^,(0)) ^^Ci^^C- (2.19) 
C 

The subscript in corresponds to g = 0. To simplify notation, we drop the dependence 
of Aq on j, k, and u\. Now we derive an upper bound for dxAo{x, t) (a similar bound for 
dtAQ{x,t) then will easily follow from (2.54)). 
On the account of (2.18), 

d^Aoix, t) = Al{x, t) + Al{x, t) + Al{x, t) + A^(x, t), (2.20) 
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where 



1 

Al{x,t) = ^-^^ [d,{C;x,t)uiiC,MO)dC, 

CLj [X^ t) J 

X 

X 1 

Al{x,t) = j j d:,[dj{^-x,t)hjk{^,Uj{Cj)dk{^i-^,Uj{Cj)]u{^^^ 
Al{x,t) = 0, 

X 1 

= ~^:(^/ J dj{^;x,t)bjk{Lcoj{0)dk{^i;L^AO) 

Note that the derivative of the g-th term for q > 1, denoted below by dxAq{x,t), is 
again representable by the sum of four summands of these four kinds only. Remark that 
for each g G No the third summand, denoted by Ag{x,t), is responsible for the part of 
the x-derivative that contains derivatives of functions cj and comes from the operators 
Ci and C2. Obviously, Al{x,t) = 0, but it is added to the right-hand side of (2.20) for 
the sake of completeness. Therefore, given g e Nq, we are reduced to estimate integrals 
of four kinds. 

To perform all necessary estimates, we will use the following notation: 



= lis- Nlc(M) ' ^'^ ^ ll'^*S- Nlc(K) ' ^ ll^fcllc(R) ' ^'b = \\^t^jk\\c(M.) 

^3 



(2.21) 



Turning back to g = and using (2.18), we get 



l^o(a^,*)|lc(M) ^ LaLbLd\\u[ 

l^o(2^>^)|lc(M) ^ ^'^(|^[o^] "^^ ■' ■' vyjiic(M) 



C(M) 



To estimate Aq(x, t), we transform the latter to the form where ^21*^ does not depend 

on X and t. Note first that, given j ^ k and (a;,t) G [0, 1] x [0,27r], the set {x e [0, x] : 
{uj — ak){x,ujj{x)) 7^ 0} is a union of intervals, say {yi{x,t), Zi{x,t)) or simply {yi,Zi). 



12 



Remark that the number of those intervals as a function of {x,t), by assumption (9) is 
bounded from above uniformly on [0,1] x [0, 2tt] by a number of connected components 
of [0, 1] X [0, 27r] on which ak — aj ^ 0. The latter number will be denoted by A^. Thanks 
to the assumption (10), we have 



X 1 



Zi 1 



C ^ vi S. 



We will transform each of the integrals in the sum separately, following the same scheme: 
For an arbitrarily fixed i we change variables (Ci^O — ^ (a*)''") by 



deriving therewith the formula 

A^{x,t) = -a'J^{x,t) V / Cj{p;x,t) ( ^ ] {p,ujj{p))dk{f^; p,ujj{p)) 

i Jsf(x,t) 

2 I {V:^j{v)) dri\ex.p 



(2.22) 



X exp 
x|'^o(/^,p)| 



92 a j 



] iv,i^k(v;P,^j(p))) dr] 



p=e(iJ,,T;x,t) 



dT-u''g{p, r) dpdr, 



(2.23) 



being true up to the sign (note the sign is not important for our analysis). Here Jo{P', p) is 
the Jacobian of the transformation and 9{p, r; x, t) under the integral over S^{x, t) denotes 
the abscissa (in the range {yi,Zi)) of the point where the characteristics u!j{p;x,t) and 
ujk{p; p, r) intersect, namely 

ujj{9{p, r; X, t);x, t) = ujk{9{p, r; x, i); r). (2.24) 

Moreover, S'^{x,t) C [0, 1] x R denotes the area bounded by the curves 

{(/i, r) e [0, 1] X [0, 2tt] : r = u;j{p),yi < p < Zi} , 
{(At,T) e [0,1] X [0,27r] : T ^ujk(p;yi,ujj{yi)),yi< p<l}, (2.25) 
{{p,t) e [0,1] X [0,27r] : t ^ Uk{p]Zi,Uj{zi)),Zi <p<l}. 

Computing Jo{p,p) precisely, we apply the formula Jo{p,p) = Jo\^'hO\{ii,i)=M with 

1 

idiOJkm;^,uj,{0) {d2iUk){ii;i,cu,{0) + (93a;fe)(Ci; c^,(0)^(0 

On the account of (2.18), 



</o(6,0 = («i^-«fc^) (C,'^i(0)exp 



ir],Ukiv;^,'^jiO)) dv}- (2.26) 
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Hence, 



(P>^j(p))exp 



{ri,ujk{r];p,ujj{p))) drj } . (2.27) 



Due to the definition of {yi,Zi), the transformation of variables (2.22) is non-degenerate 
inside the domain of integration. This means that the inverse exists and is a C^-smooth 
function inside Sf{x,t) for each i < n. Hence, d{fj,,T;x,t) is in h,t inside Sf{x,t) for 
each {x,t) e [0, 1] x [0,27r]. Moreover, from the formulas (2.18) and (2.24) we have 



di^e{i^,T;x,t) = {d2UJk){p;fJ',T){^{diUjj){p;x,t) - {diUk){p] P,t) 

^d2ak 



p=e{iJ.,T;x,t) 



= -afc^(/^,T)exp 
1 



X 



1 



{P: ^j{p; x^t)) ak{p, ujk{p; p,t)) 



{r],ujk{r);p,T))dr) 
1 

p=e{n,T;x,t) 



(2.28) 



and 



dr9{p, r; x, t) = -Ukip, T)df,0{p, r; x, t). (2.29) 

Note that, by the conditions (4), (9), and the construction of S^{x, t), given i < N, each of 

the functions aj{p,Uj{p)), ak{p,0Jj{p)), and ^ ^^^^ j {p,Uj{p)) on S'°(x, t) keeps the same 

sign. Plugging (2.27) into (2.23), we arrive at the formula (being true up to the sign; all 
transformations of Aq{x, t) below will be done up to the sign as well) 



AQ{x,t) = -a/(x,i) V / Cj{p;x,t)dk{p;p,ujj{p)) [bjk 



X exp 



ttk — ttj 
drU^^p, t) dpdr 



{P,^j{p)) 



X exp 



-aj ^{x,t)^ai{x,t) 

i 



Sfix,t) 

{V,ujj{r))) drj 



p=9{p,T;x,t) 

Cj{p; X, t)dk{p; p, ujj{p))pjk{p, ^j{p)) 



p=e(n,T;x,t) 



dru\{p, t) dpdr, 



where 



ai{x,t) = sgn ((afc - aj)(C,'^j(0)k=(2/»+2z)/2) • 

As j and k are arbitrarily fixed, similarly to the above, we drop the dependence on them 
in the notation of ai. Integrating by parts and using (2.28) and (2.29), one gets 

A^ix^t) ^ aj^{x,t)^ai{x,t) Cj{zi; x,t)pjk{zi,ujj{zi)) 



X exp 



^2% 



{V:^j{v))dv> / dk{p;Zi,ujj{zi))uAp,ujk{p;Zi,ujj{zi)))dp 
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-Cj{yi;x,t)pjkiyi,ujj{yi)) 



Hi 



Vi 



X exp / ( ^ ) {r],ujj{r])) drj \ u[{ix,ujM) dfx 



/^jO^V^^^^^^jj „i(,,,r)<iM<iT. (2.30) 



Further we transform the integrals in the last summand making change of variables 
(/X, r) — >■ (Ci)0 by means of (2.22), taking into account that 9{fj,,T;x,t) — ^ and that 
the Jacobian of the transformation is given by (2.26), and using the equality 

im 6, Wfc(6; C,^i(0)) = {v; ^i(O) ■ 

We therefore obtain 

Zi 1 

aJ^{x,t)Y^ J J (%jfe(C;a:^,i)4(6;C,^j(0) + ^jfe(C;2^,^)(5«4)(Ci;C,^j(0)) 

xuiiCi,MCi;C,^jmdCidC, (2.31) 



where 



9jk{^; X, t) = Cj{C, X, t)pjk(^, Uj(^)) exp I j (^^^ {V, ^A'n)) dri^ ■ (2-32) 

Set 

= ma^j ll^jfc(C; •) llc(M) ' ^fl = max ||a^^,fe(e; •, •) ||c(m) ■ 
Thus, (2.30) and (2.31) entail the estimate 

< L„ ((2iV + l)L,LpL,L,,p + LaL'g + L',(l + L„)L,) . (2.33) 

The estimation of the first term [q — 0) of the series (2.17) is thereby complete. 
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To handle the second term {q — l),we will concentrate on one arbitrarily fixed integral 
contributing into {Ei)jhjk{C2R2CiRiE2)^u"\ namely on 

X 

A^{x,t)^ J ci,(e;x,i)6,fe(e,a;,-(e))cfe(l;e,^.-(e))c.(0;l,a;fe(l;^,a;,(e))) (2.34) 





1 



X / 4(Ci;0,a;r(0;l,a;fc(l;C,'^j(O)))<(6,'^s(Ci;0,a;r(0;l,a;fc(l;{,t^j(O)))) d^id^ 







for arbitrarily fixed m+l < s < n and 1 < r < m. Again, to abuse notation, we drop the 
dependence of Ai on j, k, s, and m. Similarly to the above, we start with the derivative 

d^Ai{x,t) = Al{x,t) + Al{x,t) + Al{x,t) + Al{x,t), 

where 

Al{x,t) = ^^^ck{l;x,t)cr{0;l,ujk{l)) 
aj{x,t) 



1 

X 



X 1 



1 

J d,(e;0,a;,(0;l,a;fe(l)))iii(e,a;,(e;0,a;,(0;l,a;fc(l)))) d^, 



Al{x,t)^ J J 9,[d,(e;x,i)6,fe(e,a;,(O)rf.(ei;0,^.(0;l,a;fe(l;e,c^,(O)))] 



xcfe(l; ujj{^))cr (0; l,ujk{l; ujji^)) u[ (6, ^.(6; 0, c^r(0; 1, Wj(0)))) c^Ci^^C, 



X 1 

l3 








xdj(^; X, t)bjk{^, ujj{^))ds{Ci; 0, u;^ (0; l,ujk{l; ^^j(0))) 



X 1 

1 



Ai{x,t) = -^-^^ y y c?i(C;a;,i)&jfe(^,a;i(O)cfc(l;C,^i(C))cr(0;l,a;fc(l;C,t^i(O)) 

' 

xd5(6; 0, ujr (0; 1, ^, c^j(O))) 

xexpj [ (^^) (r;,a;,(r/;0,a;^(0;l,a;fe(l;C,(^i(O)))) 



s 



I — ^-r^ I (n. ujiJn: !^ . ujJf^))) dn\ cxn I ( ( 



X (^2^1) (6, 0, a;,(0; 1, ^^(1; e, d^id^- 
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The following estimates are immediate (in the rest of this section we simply write R in 
place of R{a, b)): 



A\{x,t)\\ < RLaLbLd\\ui\ 



(2.35) 



\Al{x,t 



C(M) 



< RLd [ max \\d^ [dj{^; ■, ■)bjk(^,ujj(^; ■, 

1 $€[0,1J 



C(M) ~ exp 



(2.36) 



^?(^'^)Lm ^ LaULlL,L'^R{Lexp + Ll^ \\u 



IC(]R) ■ 



(2.37) 



To estimate A\{x, t), we transform the latter similarly to Aq{x, t) bringing it to the form 
where u\ does not depend on x and t and no derivatives of u\ are involved. All the 
transformations below will be done again up to the sign. 
We first change variables (Ci^O — ^ (A'-)''") by 



// = ,^1, T^Us (6; 0, c^r(0; 1, a;fe(l; ^, 
with the Jacobian Ji(/i,p) = </r^('Ci) C)|(Si,0=(/i,p) where 



(2.38) 



1 



Here the functions Ug, ujr, ^k, and are considered having the same arguments as in the 
formula (2.38). More specifically, 

>^i(Ci,0 = ^o(l,Oexp|/ f^^Vr;,W5(r;;0,Wr(0;l,Wfe(l;^,Wj(0)))) dry 



wo V «; 

X expy^ (^^^ (r/,a;,(r/;l,a;fe(l;{,a;,({)))) dr/|. (2.39) 
After the change of the variables, it follows by (9) that 

A{{x,t) = -a'J^{x,t)y^ai{x,t) / Cj{p; x,t)pjk{p,ujj{p)) 

X 4(/i; 0,a;r(0; 1, a;fe(l; p, cuj(p))))cfc(l; p, c<;j(p))c,. (0; l,ujk{l] p,Uj{p))) 

dru[{p,r)dpdr, (2.40) 



X exp 



^ ) {V,^j{v)) dr] 



where 6{p,T; x,t) under the integral over Sl{x,t) now denotes the abscissa (in the range 
iyiiZi)) of the point where the characteristics ujj{p;x,t) and a;fe(p; 1, a;r(l; 0, 6(;s(0; /i, r))) 
intersect. Specifically, 9{p,T;x,t) fulfills the equation 



ujj{9{p,T;x,t);x,t) = ujk{9{p,T;x,t); l,ujr{l;0,ujs{0; p,t))). 



(2.41) 
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Moreover, 

Sl{x,t)^[{fi,r)e [0,1] x[0,27r] : < < 1, 
Us (a*; ujr (0; 1, ujk{l; yi, i^jivi)))) <t <Us {n; Ur (0; 1, Uk{l; zi, Uj{zi))))^. 

Integrating by parts, one gets 

A\{x,t) = a'J^{x,t)^ai{x,t) Cj{yi; x,t)pjk{yi,ujj{yi)) 

i 

xck{l;yi,Uj{yi))cr{0;l,ujk{l-,yi,ujj{yi)))expi^J (^^^^ {v,(^j{v)) 
1 

X / dsin; 0, (jJriO; l,uJk{l; yi, ijjj{yi))))u[{ii, ujs{n; 0, a;^(0; 1, ujk{l; yi, ujj{yi)))) dfi 



(2.42) 



Cj{zi;x,t)pjk{zi,Uj{zi))ck{l;Zi,u:j{zi))cr (0; l,u:k{'^; Zi,u:j{zi))) 
a J ' 



X exp 
1 

X 



{ri,ujj{rj)) dri 



J dsin; 0, Ur{0; 1, Uk{l; Zi, ujj{zi))))u[{ij,, Usiji; 0, Ur{0; 1, Uk{l; Zi, u^j{zi)))) d//] 







+a- ^^^^(a;,^) / dp Cj{p;x,t)ds(i^;0,Ur(0;l,ujk{l; p,ujj(p))))pjk(p,ujj(p)) 
i Jsl{x,t) L 



Cfe(l; p, a;j(p))cr (0; 1, p, c^j(p))) exp 

/ d2ak 



X exp 
X exp 



^ / d2ar 



(?7,^fe(?7; l,^r(l;0,a;5(0;//,T)))) dry 



X 



ttjttk 



a; 



{r],uJr(r];0,uJs(0;p,T))) dry [> exp 
Ug{ijL, r) d/xcir. 



p=0{n,T;x,t) 



(r],uJs(mi^,^)) d-q 
(2.43) 



Running our argument further, we change variables (/i, r) — > {^i,^) under the integrals 
in the second sum by means of (2.38). Now 9{p,T;x,t) = ^ and the Jacobian of the 
transformation is given by (2.39). Moreover, we take into account that 

Uk iv; l,Wr- (l;0,a;s(0;Ci,a;4^i;0,a;^(0; l,ujk{l;^,ujj{0)))))) = Wfc(r/; C,a;j(0), 
a;s(0; 6, ^s(Ci; 0, ujr(0; 1, ^^fe(l; ^j(O)))) = 0> ^r(0; 1, u;fc(l; ^, a;j-(0)))- 
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Then the second summand in (2.30) is written as 

Zi 1 

a]^{x,t)^ai{x,t) j j Cj{^;x,t)ds{^i;0,u;r{0;l,ujk{l;t^^j{O)))Pjk{^^i^j{O) 
xcfc(l;C,(^i(O)cr(0;l,a;fc(l;C,'^i(O))exp|y" (^^^ 

On the account of (2.43) and (2.45), the following estimate is fulfilled: 

ll^i(^'^)|lc(M) ^ LaR(2NLcLpLdLea,p + LlLaLpL'^ {L,^p + Ll^p) (1 + L„) 

+L,L; + L:,LL,(1 + La)L,) \\u%^^, . (2.46) 



Continuing in this fashion, one can easily conclude about the desired estimates for the 
g-th term of the series (2.17) for g > 1. More specifically, we have 

ll^;(^'^)|lc(M) ^ ^'^«^''^'^^+^|^<JI^'^llc(M)' (2-47) 



+ ^e^rW:.)^max^J|.i||,(,), (2.48) 

2q 

\4M\\cm ^ L^L.L^Le^i^^^L^^^^max^Jl^ill^^^^, (2.49) 

i=l 



and 



1=1 

+ ^.^; + ^:.^i(l + i^a)L,)^maxJ|«i||^^^^. (2.50) 



As Lexp > 1, then 



2q 

j=i 



Hence 



and 



|^^(a;,t)L,„, <2Le,pL„L,L2L,4g(i?L2g^ max^ \\u[\\^^^^ (2.51) 



l^?(^'^)|lc(M) ^ ^^^f^JWs\\ciR)La(2NL,LpLdLe,pR'' 

+ 2LlL,LpL's {RLlpYil + La) + L.L^i?^ 

+ L:,(i?LL,)^l + L„)L,) (2.52) 
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Note that the norm of the x-derivative of the q-th term with q > 1 in the series (2.17) is 
estimated from above by 



LaLb + max \\d^ [dj{^] ■, ■)bjk{^,ujj{^] ■, 



C(M) 



+ 2LaLlLpL'^qLll Jl + La) 



n m 







sk ki 



=m+l s,k=l 



max \\Ug 
m+l<s<n 



IC(M) ■ 



To finish with the uniform boundcdncss of the derivative, it remains to take into account 
the contractibihty condition (8) and to note that the series 



E 

q=0 



n m 



1 fliL, E E v\ 



sk kr\ 



r=m+l s,k=l 



(2.53) 



is convergent. 

The uniform boundedness of the t-derivative of the series follows easily from the uni- 
form boundedness of the x-derivative we just proved and from the following equalities: 



dt [{AqUs){x,t)] = aj{x, 
Summarizing, we obtain the following estimate: 

||V(^,t) [(AM')(a;,t)]||^^^„^ <C'||M'||c(En) <C(||M||c(Mn) + ||M^-M,||c(Mn)), 



(2.54) 



the constant C being independent of {x,t) e [0, 1] x [0, 27r], ue N, and Z e N. By (2.14), 
the constant C can be chosen so that 



|V(,,t) [{Au'){x,t)]\\ <C\\u\ 



The proof 



It remains to recall that u varies in A^, which is a bounded domain of 
of Items (i) and (ii) of Theorem 1.2 is thereby complete. 

If bjk = for all j k, then the operators Bi and B2 and, hence, the operator K 
vanish. This entails Assertion (in). 



3 Fredholm alternative (proof of Theorem 1.3) 

We first introduce some more notation. Define linear operators Ci.Ei G £ (C{W^)), 
C2,E2 G £(C(M"-")), (^1,^2) e £(C(M")), ^1 e £ (C(M"-"^),C(K™)), and R2 e 
>C(C(M"^),C(M"-'")) by 

(^Ciu^^ {x,t) = {ci{0;x,t)ui{x,t), . . . ,Cm{0;x,t)um{x,t)) 
(C2u'^^ {x, t) = (c^+i(l; X, t)um+iix, t),..., c„(l; x, t)un{x, t)) 
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R2U' 

{B2U 



{x,t) 
{x,t) 
{x,t) 

{x,t) 

ix,t) 
{x,t) 



ak{0,t) 



. k=m+l JV ' / 



j=m+l 



-T n 



j=m+l 



yo 



n 



j=m+l 



where 



Cj{C;x,t) = exp 



{ri,ujj{r];x,t))dr], 



Cj{^;x,t) 



(3.1) 



In these notations, all continuous solutions to the adjoint problem (11)-(13) satisfy the 
following operator equation: 

u = Mu + Ku, 

where 

Mu 
Ku 



= (^-EiBiu, E2B2U - C2R2EiBiu^ . 



In Section 2 we proved the Fredholm alternative for I — M — K & >C(C(M")) in the 
following abstract form: 

dimker(/ - M - K) = dimkcr(/ - M - K)* < 00, 
im(/ -M-K) = {f e C(M") : [«, /]c(Kn) = for all u e ker(/ - M - K)*] . 

(3.2) 

Here [I — M — K)* is the dual operator to / — M — i.e. a hnear bounded operator 
from (C(M"))* into (C(M"))*, and [•, ■]e(w^) : {C{W))* x C(M") M is the dual pairing in 

C(W'). 

To prove Items (i) and (ii) of Theorem 1.3, we need a bit more than (3.2), namely 
im(7 - M - X) = |/ e C(K") : (/, u)l^ = for all u e ker(7 - M - X)| . 
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Directly from the definitions of the operators M, M, K, and K it follows that 

{{I-M- K)u, u)l^ = {u,{I-M + k)u)L2 for all m, m G C(M"). (3.3) 

Using the continuous dense embedding C{W) ^ ((0, 1) x (0,27r);]R") ^ (C(]R^))* ,Jt 
makes sense to compare the subspaces ker(/ — M — K)* of {C{W^)Y and ker(/ — M — K) 
of C(M"): 

Lemma 3.1 ker(/ - M - K)* ^ ker(/ - M - K). 
Proof. For all u,u e C{W) we have 

^ (^7 - M - ^) M, uj^^ ^{u,{I-M- K)u)^2 

^[u,{I-M- K)u]c^^„) ^[{I-M- Kfu, . 

This implies ker(/ - M - ^) C ker(/ - M - TsT)*. 

Now, take an arbitrary u e ker(7 — M — K)* and show that u e ker(7 — M — K). Take 
a sequence e C(R"') such that 



V ^ M in (C(M"))=' 



(3.4) 



Then for all v e C(R") we have 

0=[(7-M-7r)V^]c(R") = 
= lim \u^,{I - M - K)v], 



[li, (7 - M - K)u 



C(R") 



It follows that 



(^7 - M - ^) ^ in ((0, 1) x (0, 27r); R") . 



(3.5) 



Further we use the bijectivity of the operator 7 — M e C{C{M."-)), which follows from 
the proof of the bijectivity of the operator I — M e >C(C(M")) and condition (14). We 
therefore have 



(i-m) 



-1 _ 
K 



^ in ((0,1) X (0,27r);: 



(3.6) 



Let us distinguish two cases. 
Case 1. The sequence \\u^\ 



tions of Theorem 1.2 are fulfilled, the operator 



^) is hounded. Since for the problem (11)-(13) all condi- 

-1 



(7-m) 



K 



eC{C{W)) is compact 



as follows from the proof in Section 2.3. Then there is a subsequence of (let us keep the 



same notation for the subsequence) such that 



K 



u' converges m 



to a function v G C(M"). Hence (3.6) implies the weak convergence 



u 



V in 7.2 ((0,1) X (0,27r);: 



(3.7) 
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By (3.4), we obtain the equality v — u. It follows by (3.5) and (3.7) that 

(^I -M-K^v^O a.e. on (0, 1) x (0, 2n). 

The left-hand side is a continuous vector-function that equals zero almost everywhere on 
(0,1) X (0, 27r). Hence it equals zero everywhere on (0,1) x (0,27r). This means that 
u E ker(/ - M -k). 

Case 2. The sequence ||-u'||c(iRn) is unbounded. Then there is a subsequence, denoted 
again by u\ such that [[^/[[^(Kn) > c for some c > and all / e N. Consider a normalized 
sequence mVII^'IIc(R")- Applying now the argument used in Case 1, we conclude that 
ii'/||it'||c(Rn) converges in C(]R"') as Z — >■ oo to a function v with ||i'||c(r") = 1- Prom the 
other side, MY||-u'||c(iRn) ^ in (C(M"'))* as / — )■ oo, what follows from (3.4) and the 
unboundedness of ||'u'||c(R")- We get f = 0, a contradiction with ||t'||c(]R") = 1- Hence 
Case 2 is impossible and the proof is complete. □ 
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